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Pair production in a magnetic and radiation field
in a pulsar magnetosphere
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In the present work one- and two-photon pair production in a subcritical magnetic field have been
considered. Two-photon production has been studied in the resonant case, when the cross section
considerably increases compared to the nonresonant case. While one-photon pair production is
considered to be the main mechanism of plasma generation in a pulsar magnetosphere, we suggest
the existence of another one, which is resonant two-photon production process.
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I. INTRODUCTION
Astrophysics has a longstanding interest in the physics
of elementary processes in strong magnetic field due to
the discovery of neutron stars with field strength of the
order of 1012−1013 G. Even more remarkable are magne-
tars with surface fields possibly as high as 1015 G[1]. The
fields of these objects are well above the quantum critical
magnetic field of Bc = m
2c3/e~ (4.413× 1013 G for elec-
trons), where physical processes are profoundly changed
and new processes unique to strong fields dominate.
The production of electronpositron pairs is an impor-
tant element in pulsar models, because the presence of an
electronpositron plasma is believed to be a necessary con-
dition for the generation of pulsar emission. The single-
photon pair creation process γ → e− + e+ is commonly
considered as the main source of pairs, following Ref. [2].
Pair creation can also result from the interaction be-
tween two γ-ray photons, created through an inverse
Compton scattering process by thermal X-ray photons
emitted by the surface of the star[3]. The attenua-
tion length of a typical gamma-ray for the two-photon
process is usually larger than that of one-photon, so
that two-photon pair production has traditionally not
been considered important in comparison to one-photon
production[1, 4, 5]. An exception probably is magnetar
supercritical field where 1γ production is strongly sup-
peressed by photon splitting[6, 7].
However, these conclusions concerning 2γ process does
not take into account the effect of the strong magnetic
field near the neutron star surface. Magnetic field mod-
ifies the process, allowing its resonant behavior. At the
resonance the cross section grows significantly and the 2γ
process, in principle, can make noticeable contribution to
plasma generation. It should be noted that nonresonant
two-photon pair production was studied in Refs. [8, 9].
One-photon and two-photon annigilation in a magnetic
field were compared for the nonresonant case in Ref. [10].
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Thus, the detailed study of two-photon pair production
in neutron star magnetosphere and its comparison with
one-photon process remains topical.
Let us note possibility to observe QED processes in a
strong magnetic field in heavy ion collisions. Simple es-
timation shows that moving ions generate magnetic field
with magnitude up to 1015 G at the moment of maxi-
mum approach even for collision energy below Coulomb
barrier. The magnetic field effects in the process of pair
production in ion collisions have been considered for the
first time in Refs. [11–13]. It was concluded that the ef-
fect of magnetic field is rather small. However, it was
suggested in Ref. [14] that collisional magnetic field life-
time can significantly exceed the collision time due to
the interaction between the field and the produced pair.
Since equivalent photon approximation is generally ap-
plicable for relativistic heavy ion collisions, the process
could be roughly described by 2γ pair production in a
strong magnetic field[15].
In the present work one- and two-photon pair produc-
tion in a subcritical magnetic field have been considered.
Two-photon production has been studied in the resonant
case, when the cross section considerably increases com-
pared to the nonresonant case. In resonance, one of the
photons (a “hard” photon) has high enough energy to
produce a pair, ω & 2m. The other photon (a “resonant”
one) satisfies the resonant conditions and its frequency is
a multiple of the cyclotron frequency. In this case the
intermediate particle become real.
II. ONE PHOTON e
−
e
+
PAIR PRODUCTION
It is known[16] that an electron in a magnetic field
occupies discrete energy levels (Landau levels)
E =
√
p2z + m˜
2, m˜ = m
√
1 + 2lb, (1)
where pz is parallel to the field momentum, l is the level
number and b is magnetic field strength in the units ofBc.
In a magnetic field, energy and parallel momentum
conserve,
Ee + Ep = ω,
pez + ppz = kz,
(2)
2where ω is the photon frequency and kz is parallel photon
momentum.
The threshold condition following from the conserva-
tion laws (2) looks like
ω2 − k2z = (m˜e + m˜p)2. (3)
Apparently, the process is not possible when the pho-
ton propagates along the field since in this case k2z = ω
2
and the condition (3) could not be fulfilled.
Otherwise it is possible to eliminate the parallel pho-
ton momentum without loss of generality, kz = 0, since
the Lorentz transformation along ~B does not change the
magnetic field. It can be concluded from (1), (3) that
pez = ppz = 0 in such reference frame at the threshold.
Hereinafter we assume that kz = 0. For the photon
energy above the threshold the particles momentum looks
like
pz = ±
√
ω2
4
−m2 [1 + b(le + lp)] + m
2b2
ω2
(le − lp)2. (4)
The following electron wave function is used[17],
Ψe =
1√
S
e−i(Eet−peyy−pezz)ψe(ζe), (5)
where ζe = m
√
b(x − pey/m2b),
ψe(ζe) = Ce
[
i
√
m˜e − µemUle(ζe)+
+µe
√
m˜e + µemUle−1(ζe)γ
1
]
ue. (6)
Here, S is the normalizing area, Ul(ζe) is the Hermitian
function, µe is doubled spin projection, Ce is the normal-
izing constant and ue is the constant bispinor,
Ce =
1
2
√ √
Be
Eem˜e
, (7)
ue =
1
Re
(
0, −R2e, 0, pez
)
, (8)
Re =
√
Ee − µem˜e. (9)
In the first order of perturbation theory the process
amplitude of photoproduction is defined by the formula
Sfi = −ie
∫
d4x Ψ¯eA
µγµΨp, (10)
where Aµ is a wave vector of the initial photon[16]. The
corresponding Feynman diagram is shown in fig. 1(a).
We will use the lowest Landau levels approximation,
le,p ∼ 1, le,pb≪ 1. (11)
This conditions holds true in subcritical field. In addi-
tion, the photon energy is assumed to be close to the
threshold value,
ω = m˜e + m˜p + δω, δω . mb. (12)
FIG. 1. The Feynman diagrams of (a) 1γ pair production and
(b) 1γ pair production with photon emission. The later rate
contains a divergence at ω′ → 0.
The expression for the momentum (4) simplifies in this
case and reduces to
pez = ±
√
mδω. (13)
The process rate reads
dW =
|Sfi|2
t
Sd2pe
(2π)2
Sd2pp
(2π)2
, (14)
where t is time. Integration over d2pp and dpez can be
carried out using properties of delta-function which ap-
pears in the amplitude as a consequence of the conser-
vation laws. The amplitude does not depend on pey and
integral over dpey yield an additional factor pey. To elim-
inate the nonphysical factor Spey/V one should identify
normalization length L = S/V with the position of the
electron orbit center x0 = pey/m
2b[18]. Thus,
Spey
V
= m2b. (15)
After carrying out corresponding calculations, the
process rate with arbitrary spin projections takes the
form[19]:
W++ = α
mb
2
Y le(1− ξ3), (16)
W−− = α
mb
2
Y lp(1− ξ3), (17)
W−+ = αmY (1 + ξ3), (18)
W+− = α
mb4
16
Y lelp
(
(1 + ξ3) +
16δω
mb2
(1− ξ3)
)
. (19)
Here, the superscripts denote the electron and positron
polarizations respectively, ξ3 is the Stokes parameter
defining linear polarization, le and lp are the Landau lev-
els of an electron and a positron,
Y =
be−η
4
√
δω/m
ηle+lp
le!lp!
, (20)
η =
k2x + k
2
y
2m2b
≈ 2
b
. (21)
The obtained rates Eqs. (16)–(19) contain the denom-
inator
√
δω that goes to zero if the pair produced with
3zero longitudinal momenta, i.e. at the reaction threshold.
It results in the occurrence of divergences[20].
Enough attention has been paid to the explanation
of the physical nature of these divergences, for exam-
ple, in Ref. [21], but there is no complete clarity in un-
derstanding of this problem. In our opinion, the pres-
ence of singularities is associated with neglected emis-
sion of soft photons, which always accompanies quantum-
electrodynamics processes. This phenomenon is similar
to the so-called “infra-red catastrophe”. It is known, that
infra-red divergences arise so far as the perturbation the-
ory becomes incorrect for soft photon emission.
The divergence at δω → 0 vanishes if an additional
final photon is taken into account (see Fig. 1(b))[22].
However, the rate of such process is in inverse propor-
tion to the frequency of the final photon, dW ∼ 1/ω′,
and diverges if the frequency ω′ goes to zero.
Let us analyze Eqs. (17)–(19). When the pair is pro-
duced in the energetically low spin state (µe = −1,
µp = 1) the process has the greatest rate because the
corresponding expression (18) contains the small param-
eter b in the lowest power. In the cases µe = 1, µp = 1
and µe = −1, µp = −1 the expressions of probability
(16), (17) differ from Eq. (18) in the sign of the parame-
ter of linear polarization ξ3. It should be noted that the
similar effect takes place in the process of synchrotron
radiation. Finally, if particles are created in the energet-
ically high spin state with µe = 1, µp = −1, then the
process has the smallest probability.
The process rate in the energetically low spin state
Eq. (18) vanishes when ξ3 = −1. Taking into account
the next order in small parameter b the rate W−+ takes
on the following form,
W−+ = αmY (1 + ξ3)
[
1 +
b
2
(3(le + lp)− 2lelp)
]
. (22)
One can see that dependence on photon polarization re-
mains the same as in the previous case. Thus, W−+ can
be neglected in comparison with W++ and W−− in the
case of perpendicular polarization (ξ3 = −1).
Let us find the polarization degree of electrons. If
ξ3 6= −1, the contribution W−+ exceeds all other terms,
therefore W++ and W−− can be neglected. Conse-
quently,
Pe ≈ −1. (23)
To find the more accurate expression of the polariza-
tion degree one have to expand Pe in a power series in
the first order in small parameter b. After simple calcu-
lations, the polarization degree takes on the form
Pe = −1 + ble 1− ξ3
1 + ξ3
. (24)
In the case ξ3 → −1, the quantity W−+ can be ne-
glected compared to W−− and W++, thus,
Pe =
le − lp
le + lp
. (25)
FIG. 2. Feynman diagrams of two-photon e−e+ pair produc-
tion in a magnetic field.
The process has the maximal probability when an elec-
tron and a positron are produced at the same Landau
level, therefore polarization degree converges to zero if
the Landau level numbers increase.
III. TWO-PHOTON e
−
e
+
PAIR PRODUCTION
Two photon e−e+ pair production is the second-order
process in the fine structure constant and its amplitude
reads
Sfi = −ie2
∫
d4xd4x′
[
Ψ¯e(A1γ)G(x − x′)(A′2γ)Ψ′p+
Ψ¯e(A2γ)G(x− x′)(A′1γ)Ψ′p
]
. (26)
Figure 2 shows the Feynman diagrams that corre-
sponds to the amplitude (26).
The virtual electron propagator has the form[23]:
G(x − x′) = −m
√
b
(2π)3
∫
dg0dgydgze
−iΦ
∑
n
GH(x, x
′)
g20 − E2n
,
(27)
GH(x, x
′) = UnU
′
n(γP +m)τ + im
√
2nbUn−1U
′
nγ
1τ−
− im
√
2nhUnU
′
n−1τγ
1 + Un−1U
′
n−1(γP +m)τ
∗, (28)
where γ are the Dirac gamma matrices,
Φ = g0(t− t′)− gy(y − y′)− gz(z − z′), (29)
τ =
1
2
(1 + iγ2γ1), (30)
P = (En, 0, 0, gz). (31)
Hermitian functions Un depend on the argument
ρ(x) = m
√
bx+ gy/m
√
b, (32)
and primed functions depend on ρ(x′).
A resonance occurs when kinematics allows virtual
electron to be on shell and quantities g0, gz satisfy the re-
lation between electron energy and momentum in a mag-
netic field,
g20 = g
2
z +m
2 + 2nbm2 = E2n. (33)
4In this case the denominator in the propagator (27)
goes to zero. To eliminate the divergence one should
introduce the radiative width Γ according to the Breit-
Wigner prescription[21],
En → En − i
2
Γ. (34)
The process kinematics is determined by the same con-
servation laws Eq. (2) with replacements ω → ω1 + ω2
and kz → k1z + k2z . Note that Lotentz transformation
to a frame moving along magnetic field does not change
the field ~H itself. Thus, z-component of the total pho-
ton momentum can be eliminated by the choice of the
reference frame,
k1z + k2z = 0. (35)
Taking into account the conservation laws in each ver-
tex and condition (33), it is easy to obtain the following
expressions for resonant photon frequencies,
ω1 = mb(le − n),
ω2 = 2m+mb(lp + n) + δω.
(36)
Apparently, the pair is created by the hard photon ω2
while the resonant one ω1 induces the transition of the in-
termediate electron between energy levels. This is not an
unexpected result since resonant process can be viewed
as consequent one-photon pair production and photon
absorption.
Let us estimate resonant cross-section of two-photon
pairproduction. The lowest possible level numbers are
chosen to fulfill the conditions (12)–(36) and the ener-
getically favourable spin state is chosen for the produced
pair,
le = 1, lp = n = 0, (37)
µe = −1, µp = +1. (38)
In Eq. (27) all summands can be neglected except the
first one with n = 0, where the denominator goes to zero.
The second diagram can be neglected as well, since its
resonant conditions can not be satisfied with level num-
bers defined by Eq. (37).
Cross-section is defined as process rate divided by
flux j,
dσ =
|Sfi|2
t j
Sd2pe
(2π)2
Sd2pp
(2π)2
, (39)
j = (1− cosχ)/V, (40)
where χ is the angle between the initial photons.
After developing the amplitude into a series in b and
carrying out the integrations over the interval of the final
states, the cross-section takes on the form
σ =
α2πbe−
2
b
8(1− cosχ)
√
m
δω
(1 + ξ
(2)
3 )(1 + u
2 + 2uξ
(1)
2 − s2ξ(1)3 )
(g0 − En)2 + Γ24
,
(41)
where u = cos θ, s = sin θ and θ is the polar angle of the
resonant photon.
IV. CONCLUSION
In the present work one and two photon pair produc-
tion in a subcritical magnetic field have been considered.
These processes are believed to be the mechanisms of
plasma generation in a pulsar magnetosphere. 2γ pro-
duction has been studied in the resonant case. The res-
onant cross section considerably increases compared to
the nonresonant case, so that 2γ production can make
noticeable contribution to plasma generation in a mag-
netosphere.
It is convenient to illustrate the relation between 1γ
and 2γ production considering another process, double
synchrotron emission. The differential rate of double
emission is given by
dW2γ
dω1dudv
=
1
4π
dWl,n
du
dWn,l′
dv
(ω1 − ω1res)2 + Γ2/4 . (42)
Integrating of this expression over ω at the resonance is
trivial and results in additional factor πΓ/4. Taking into
account that Γ ∼Wrad and carrying out integration over
du, dv one obtains the following relation on the rates,
W2γ ∼W1γ . (43)
It is possible to estimate the pair production rate when
a hard photon with a frequency ω = 2m+ δω propagates
in a magnetosphere with magnetic field b and photon
density nγ . For the sake of simplicity we will asume all
the magnetosphere photons to have the synchrotron fre-
quency ω = mb and, thus, satisfy the resonant conditions
for the two-photon process. The corresponding rate reads
ν2γ = nγσ(1 − cosχ), (44)
where σ is defined by Eq. (41) with radiative width
Γ ≈ 2
3
αmb2. (45)
Note that synchrotron photon density nγ enters Eq. (44)
as a free parameter.
The rate of the one-photon process is[19]
ν1γ ≈ αmb
4
√
δω/m
e−
2
b . (46)
From the above expressions follows, that the two photon
production dominates when photon density exceedes the
critical value
nγc =
2
9π
αb4
λ˜3c
, (47)
where λ˜c is Compton wavelength. For example, when
magnetic field strength is b = 0.1 then the critical density
is nγc ∼ 1025 cm−3.
Thus, we would like to point out the existence of an-
other competing mechanisms of plasma generation in a
pulsar magnetosphere in addition to the commonly con-
sidered one photon pair production.
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